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In double-quantum filtering (DQF) with fast repetition
cycle, an intersequence stimulated echo (ISTE) can be gener-
ated by two consecutive DQF pulse sequences (1). The ISTE
can pass through the double-quantum filtering, resulting in
breakthrough of the single-quantum (SQ) signal. A technique
for eliminating the ISTE has been developed by the authors
in Ref. (1), using the partition method and computer simula-
tions. In this Note, we will supplement Ref. (1) by providing
a mathematical analysis based on the density and tensor
operators (2). Furthermore, the same elimination technique
will be shown to be valid for the other DQF schemes intro-
duced by the authors (3).

The reason ISTE passes through DQF is that the phase
of ISTE has the same property as that of the DQ signal [for
a general discussion of the DQ signa we refer the reader to
Ref. (3)]. The eimination technique for ISTE consists in
making the phase property of ISTE different from that of
the DQ signal by changing the phase-cycling direction in
DQF. To analyze the effects of an RF pulse (4, ¢) on the
phase of the signal, the irreducible tensor operator T, is
convenient because the phase of an NMR signa can be
explicitly described as

@, ¢) _
> dun(@expli(m — m)¢] Ty, [1]

m=-—|

Tlm

where | denotes the rank of tensors, m and m’ dencte quan-
tum numbers (or coherence orders) before and after applica-
tion of the RF pulse, and d},(#) denotes the reduced rota-
tion-matrix element (4).

The DQF pulse sequence with nonrefocused preparation
(7p) and evolution (rg) times may be expressed as

(01, p1)—Tp— (02, P2)—Te— (03, d3)—ACq(L, Pr), [2]

where ¢,, denotes the phase angle of each RF pulse with flip
angle 6, t, is the acquisition (or detection) time, and ¢ is
the receiver phase.

The generation of ISTE in two consecutive DQF pulse
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sequences (Fig. 1A) can be described by use of a flow chart
(Fig. 1B) of the tensors involved. In the (n — 1)th sequence,
SQ tensors T, ., during the evolution time are converted into
zero-quantum (ZQ) tensors Ty, by a readout RF pulse (65,
@3). These ZQ tensors correspond to the spin state after
application of the second 90° RF pulse in the stimulated-
echo pulse sequence (5). During the recycle or intersequence
delay (7p), the phases of the ZQ tensors remain constant.
Hence, when longitudinal relaxation is not complete during
the intersequence delay, the spin accumulates a phase in the
nth sequence in addition to the phase induced in the (n —
1)th sequence. Therefore, the spin’s phase is doubled and,
consequently, the ISTE passes through the DQF.

The mathematical analysis will follow the derivation in
Ref. (3), but will be focused on the tensors leading to an
ISTE as described in Fig. 1B. For 6, = 3r, the density
operator o(07), corresponding to the equilibrium state before
application of the first RF pulse at t = 0, may be written as

o(07) = V5T [3]

The superscripts — and + in expressions such as o(t™) and
o(t") denote the density operator before and after application
of the RF pulse at time t, respectively (t = 0 in Eq. [3]).
Following application of the RF pulse (37, ¢,) at t = 0,
density operator (0") consists of two SQ components, i.e.,

o(0%) = 3 —exp[—igps] T + explida] T}, [4]

where m denotes —m (m = 1 in Eq. [4]).

During the preparation time, the first-rank tensors in Eq.
[4] evolve into tensors with ranks ranging from 1 to 3
through the function f (), but the quantum numbers of
the tensors are retained. Therefore, just before application
of the RF pulse (6,, ¢,) a t = 75, density operator o(7p)
becomes a superposition of density operatorsfor tensorswith
different ranks, i.e.,
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nth sequence

B. @1_

FIG. 1.
preparation time; 7, evolution time; 7, recycle (or intersequence) delay.

3

o(tp) = > o(7e),

I=1

[5]
where
o(r5) = Dol —expl—ida] T + explida]Tia}. [6]

For smplicity and without loss of generdlity, the carrier fre-
quency of the NMR system is assumed to be on-resonance (6).

Application of a DQ-creation RF pulse (6,, ¢,) at = 75
converts the SQ tensors in Eq. [6] into tensors with quantum
numbersranging fromm = —I| tol. Therefore, density opera-
tor oy(7#) can be decomposed into m-quantum density opera-
tors o(78), i.e,

o(té) = > o),

m=0

(7]

where o,(7%) involves the Ith-rank tensors for both m
and —m.

Since ISTE is derived from SQ tensors (m = +1), the
derivation can be simplified by focusing only on these ten-
sors. The density operator o,(7¢) for the Ith-rank SQ tensors
can be grouped into termsinvolving T;; and Tz by the expres-
sion

o(r) = EP(e)(CuTiy + CiT), 8]

where
Ciu = exp[—igpa{ —du(f2) + du(f)exp[—i2¢e]} [9]
and

Ciz = —expliga]{ —du(6,) + di(f)expli2pe]}. [10]

In Egs. [9] and [10], the RF phases involved in the prepara-
tion time have been smplified by collectively defining

Ty
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(A) Two consecutive DQF pulse sequences and (B) a flow chart for the tensors leading to ISTE. 6,, RF flip angle; ¢, RF phase; 75,

bp = —h1 + b [11]
Furthermore, in deriving Egs. [9] and [10], the identities

din(®) = (—=D)" Ndiz(6) [12]
and

din(6) = diw(6) [13]
have been employed to show the similarity between C;; and
Cz (4.
By restricting the RF phases to

NI X

Pp =T [14]

with integer k, exp[i2¢p] and exp[—i2¢s] become identical,
i.e,
expli2pe] = exp[—i2¢e] = (—1)" [15]

Under condition [15], Egs. [9] and [10] may be rewritten
as

Ciu = exp[—ig]Pu(dp, 62) [16]
and
Ciz = —expliga]Pu(de, 02), [17]
respectively, where
Piu(¢r, 02) = —du(62) + du(d)expli2de].  [18]

In Egs. [16]—[18] and succeeding equations, ¢ is retained
instead of k to emphasize its physical meaning. Substitution
of C; and C1 in Eq. [8] with Egs. [16] and [17] yields
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o11(7#) fQ(ro) = &[4 exp(—7o/Ti) + exp(—7o/Ty)]  [27]
= GIR(rp)Pu(de. 02){ expl~i¢.] T — explid] T} [19] .
an
After SQ relaxation during the evolution time through the (7o) = A—exp(—o/Te) + exXp(—7o/Tw)].  [28]

function f (&), the density operator becomes

‘[ (1)(TP)f(l)(TE)PI1(¢P1 0>)
X {exp[—igs] Tin — expligps] T}

ou(re + TE) =

[20]

Following application of the readout RF pulse (63, ¢3) at t
= 7p + Tg the SQ tensors in Eq. [20] are converted into
tensors with the same rank I, but with quantum numbers
ranging from m = —I| to I. Since only the ZQ tensors lead
to an ISTE in the nth sequence, the density operator for T,
is next considered as

ou(te + TE)
= 1 P(re) F (7 dbn(05)Pu(de, 0)A(D1, b3)Tio, [21]

where

A(d1, d3) = expli(—d1 + ¢3)] + expli(dr — ¢3)]. [22]

In deriving Egs. [21] and [22], the following identity has
been applied (4):

dloi(es) = _d|01(93)- [23]

With the collective definition of the RF phases involved
in the evolution time as

be = —ho + ¢s, [24]

the phase terms in Eq. [22] can be expressed in terms of ¢p
and ¢¢ as

1+ Pz = —¢1 + b2 — P + P

= ¢p + P& [29]
Then, Eq. [22] may be rewritten as
A(pp, de) = Alds, ¢3)
= expli(de + )] + exp[—i(de + Pe)]. [26]

During the intersequence delay, the ZQ tensors relax lon-
gitudinally through the function f {)(r), for example (7, 8),

The density operator for the ZQ tensors before the nth se-
guence is

oin(Twr)

= BP0 10 TDro)doa09Pu(dr BIAWe, $ITio

[29]
where Ty is the repetition time defined as

Tr = 7p + Te + Tp. [30]
In Eq. [29], the phase induced on the ZQ tensors in the (n
— 1)th sequence is contained in P1(¢pp, 65) and A(pp, de).
When the ZQ tensors do not relax fully during the interse-
guence delay, the phase induced in the (n — 1)th sequence
is transferred to the nth sequence, i.e., the next sequence.
For simplicity, let us define

W = 31 P(re) 1(re) D (ro)d 0a(65), [31]
and rewrite Eq. [29] as
011(Tr) = WP (e, 02)A(dp, de)Tio. [32]

Next, we analyze the tensors leading to an ISTE in the
nth sequence, where the RF phases are denoted with a prime,
i.e., ¢1, ds, P, dp, dE, and . Following the same derivation
as in the (n — 1)th sequence, the density operator for the
SQ tensors before application of readout RF pulse (6, ¢3)
may be written as

on(Tr + 7 + 7€)
= WPiu(e, B2)A(dp, dNST (7o) F (TP, 6)

X {exp[—i$1] T, — expligi] Tia}. [33]

After application of the readout RF pulse, only the tensors
with a quantum number —1 lead to detectable NMR signals
during the acquisition time t,. The density operator for SQ
tensor T;; may be written as
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on(Tr + 70 + T2) and
_\WEF@ @ '
= W31 2(70) F2(7e) Pa(de. 02)Pu(b, 62) on = 200 = 1, 143
X Alde, Pe)Bi(dp, b, Os)explics] i, [34]

where

Bi(ph, Dk, 03) = dix(ba)expli(dp + $i)]

— du(@a)expl—i(¢p + dB)l,  [35]

and the phase terms in Eq. [35] have been arranged by use
of Eq. [25].

During the acquisition time in the intersequence delay,
the Ith-rank SQ tensor Tz will evolve into the first-rank SQ
tensor Ty by

t2

Ti — () Tur [36]

Then, the density operator for T,z may be written as
on(ts) = WD) FP(re) D () P, 0)Pu(bh, 02)
X A(de, e)Bi(dp, dE, Oa)explicz] Tar. [37]
The detectable NMR signal S.(t,) for ISTE is given by
Slt) = =10 T{ou()Tutexpligel.  [38]

Provided that the tensor operators are orthogona and nor-
malized, i.e.,

T TuTo} = 1, [39]
the acquired ISTE signal S(t,) may be written as
S(t) = W P(t)Pu(de, 62)Pu(dh 0)A(de, de)
X Bi(¢p e O)expli(ds + dr)l, [40]
where
W' = 5f (7e) Fi(Te)W. [41]

To analyze the phase of the ISTE, the relation of RF
phases in the phase-cycling scheme needs to be considered
for the two consecutive sequences. In DQF, since the phase
of the DQ signal is a function of 2¢¢g, the selection of DQ
signalsis achieved by use of the phase-cycling scheme with

be=*x_-m7 [42]

NI>S

where n is an integer (9). On the other hand, the phase ¢»
set by Eq. [14] is constant throughout the phase cycles in
generd, i.e.,

b = dp. [44]
Therefore, Eq. [40] may be rewritten as
Su(te) = W’f(l})(tz)[Pu(qﬁé,, 02)1°Aldp, be)
X Bi(dr de, Oa)expli(ds + dr)].  [49]

From Eq. [42], the relations between RF phases ¢ and
¢t may be either

r T
¢E—¢E+2 [46]

or

g T
de=de— 3. (47

In other words, the RF phase ¢ can be cycled in the positive
or negative direction. For these two cases denoted with su-
perscripts + and —, respectively, the received ISTE may be
written as

Si(t)* = WD (t)[Pu(bp, 0)1°Ci(dh, DL, 02)*

X expli(ps + PR, (48]

where C/(¢p, dL, 03)" includes the factors determining the
phase of ISTE as

Ci(¢p, dE, 02) = A(dﬁn e + g) Bi(dr, P, 03). [49]

Substitution of A(pp, ¢t * w/2) and B\(¢pp, Pg, 03) in Eq.
[49] with Egs. [26] and [35], respectively, results in

Ci(db Bt 63" = Di(db, b, es)exp[ri g] . [50]
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where

Di(dp, Pk, 03) = dua(63) + diz(8a)
— du(f)exp[—i(2pp + 241)]

— du(0)explipp + 248)].  [51]

The phases of the two terms in Eq. [51] are proportional to
2¢¢ in the same way as that of the actual DQ signal [details
about the DQ signal can be found in Ref. (3)]. Therefore,
the ISTE can pass through DQF in the same manner as the
actual DQ signal.

The technique for eliminating the ISTE can be derived
from Eq. [50]. We start by noting that the function D,(¢#,
dE, 63) in EQ. [51] is hot sensitive to the cycling direction
of the RF phase ¢¢. Therefore, if two signals are acquired
with the phase cycling in Eqgs. [46] and [47], respectively,
the summation of C,(¢p, ¢&, 05)" and Ci(dpp, PL, 05)~ yields

Ci(ph, dE, 02)" + Cidh, Dk, 02)°
Di(¢p, P&, 93){6Xp[i E] + exp[_i E]}

Di(ph, B, 02)2 cos(%)

= 0. [52]

NOTES

Hence, from Egs. [48] and [52],

Si(t)" + Sa(t)” = 0. [53]
Thus, the ISTE is clearly canceled out.

The preceding equations have been derived for arbitrary
flip angles 0, and 65 of the creation and readout RF pulses,
respectively. Furthermore, the RF phases in Egs. [14] and
[42] are dso inclusive for all the other new DQF schemes
(3). Therefore, the result presented in Eq. [53] is valid for
the conventional as well as the other DQF schemes; i.e., the
technique presented in Ref. (1) and analyzed in this Note
can be used to eliminate the SQ breakthrough due to ISTE
in any of the DQF schemes.
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